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“Quasi-harmonic” (QH) theory (QHT) is sometimes incorrectly understood as a misguided way
to do a low-order theory of anharmonic effects in crystals. The original and most widely accepted
meaning of QHT is the use of T = 0 volume V -dependent harmonic phonon energies ωQ(V ). This
paper uses that meaning, but extends it to include the use of T = 0 V -dependent single-particle
electron energies ǫK(V ). It is demonstrated that the “bare” quasiparticle (QP) energies ωQ(V ) and
ǫK(V ) correctly give the first-order term in the V -dependence of the Helmholtz free energy F (V, T ).
Therefore, they give the leading order result for themal expansion α(T ) and for the temperature-
dependence of the bulk modulus B(T )−B0. True anharmonic corrections beyond QHT give higher-
order corrections to α(T ) and B(T ) − B0. These, although not large, can be significant at high
T .
I. INTRODUCTION
Quasiharmonic (QH) theory uses volume V -
dependence of “bare” quasiparticle (QP) energies
ωQ(V ) and ǫK(V ) of phonons and electrons. Specifically,
they are used in the non-interacting formulas for the
free energy F (V, T ), and lead to the Gru¨neisen1,2 and
Mikura3 theories of thermal expansion. The actual
measurable QP energies ωQPQ (V, T ) and ǫ
QP
K (V, T ) are
renormalized by QP interactions such as phonon anhar-
monicity. It is sometimes mentioned4 that the success
of QH theory for thermal expansion is surprising, since
QP energy shifts with V and T are as large as (or larger
than) the QH energy shifts with V . This paper examines
corrections to QH theory from QP renormalization. The
result is that QH theory does give correctly the leading
volume dependence of F (V, T ) needed for a correct
lowest-order theory of thermal expansion. Corrections
from QP renormalization alter the V -dependence in
higher order.
Standard methods of electronic structure theory (e.g.
density-functional theory, DFT)5 enable computation of
single-particle electron and phonon energies (labeled here
“bare” QP energies) ǫK(V ) and ωQ(V ). The symbolK is
short for (~k, n), the electron wavevector and band index.
The symbol Q is short for (~q, j), the phonon wavevector
and branch index. The symbol V (and for more clarity,
sometimes {V }) will mean the complete set of parame-
ters (~a, ~b, . . .) needed to define the structure, including
any internal parameters. Cubic crystals like rocksalt and
zincblende have only one parameter, volume. A general
crystal has n parameters, all varying with temperature T .
To compute V (T ) requires setting all external and inter-
nal strains {P} = −∂F ({V }, T )/∂{V } to zero. This de-
termines the T -dependent structure {V }(T ); V0 or {V0}
denotes the zero temperature frozen lattice parameters
V (T = 0).
Computations of first-order renormalization of QP en-
ergies can be done with impressive reliability. The “true”
QP energies differ from the bare QP energies in two ways:
ǫQPK (V, T ) = ǫK(V0) + ∆ǫ
QH
K +∆ǫ
QP
K (V, T ). (1)
ωQPQ (V, T ) = ωQ(V0) + ∆ω
QH
Q +∆ω
QP
Q (V, T ). (2)
The QH shift is simply the bare QP energy shifted from
the T = 0 frozen lattice parameters V0 to the actual
volume V = V (T ),
∆ǫQHK = ǫK(V )− ǫK(V0); ∆ω
QH
Q = ωQ(V )− ωQ(V0).
(3)
The QP shift is the T -dependent renormalization, ob-
tained typically from an electron or phonon self-energy
calculation, done at a fixed volume V , ideally the exper-
imental volume of interest at temperature T .
There is understandable confusion about QH theory.
The first confusion is incomplete agreement about the
definition of QH. The definition used here dates from
Gru¨neisen’s theory of thermal expansion α(T )1,2. This
theory uses V -dependence of ωQ(V ) to obtain α(T ). This
was designated as QH theory by Leibfried and Ludwig
(LL)6 in 1961. Unfortunately, Cowley7,8 used a different
definition of QH, namely using the renormalized QP en-
ergies in the theory of anharmonicity. The original LL
meaning is widely accepted, but the Cowley meaning still
appears occasionally.
A second confusion arises because QH results are some-
times considered a first approximation to a full anhar-
monic theory. This is definitely a mistake. QH theory
has essentially nothing to do with true anharmonicity.
Criticism of QH theory is sometimes based on the incor-
rect idea that it is an inadequate approximation to true
anharmonicity. This has helped undermine appreciation
of the true validity of QH theory as the leading approxi-
mation for V -dependence of F (V, T ).
A third confusion arises because the QH and QP shifts
are similar in size, causing some to wonder why should
QH theory work for thermal expansion, since it includes
∆ǫQHK and ∆ω
QH
Q , but not the similar-sized ∆ǫ
QP
K or
∆ωQPQ .
A fourth point is that the QH electronic contribution
to thermal structure shifts is often omitted. This contri-
bution, introduced in 1941 by Mikura3, is only important
in metals, and then primarily at low T . The correct inclu-
sion of V -dependence of electronic band energies clarifies
2the fact that QH theory has very little to do with real
anharmonicity.
The aims of this paper are (1) to answer these issues;
(2) to argue that QH is not a first approximation to a
theory of anharmonicity; and (3) to restore faith in the
original Gru¨neisen version of QH theory.
II. ORDERS OF MAGNITUDE
There are two energy scales, labeled ~ωph and Eel,
which differ by typically two orders of magnitude (i.e.
~ωph/Eel ∼
√
(m/M), where m and M are electron and
ion mass). What are the approximate energy scales of
the shifts ∆ǫQPK and ∆ω
QP
Q ?
First consider the anharmonic renormalization of the
phonon energy, ∆ωanhph ≈ |V3|
2/~ωph. How does this
compare with ωph? The anharmonic coupling is V3 ∼
(d3U/du3)u3. The third derivative is d3U/du3 ∼ Eel/a
3,
where a is a lattice constant. The average lattice dis-
placement is governed by < u2 >∼ ~/2Mωph. Putting
these together, we get
∆ωanhph
ωph
∼
~ωph
Eel
∼ 0.01 (4)
This is a bit of an underestimate, for two reasons. First,
there are inevitable complications, such as three phonon
branches, which could enhance the estimate by as much
as 32, and second, at higher T , the displacement < u2 >
increases linearly with kBT/~ωph. For ordinary materi-
als, a safer estimate is 0.02 < ∆ωanhph /ωph < 0.1.
Now consider the Coulomb renormalization of the elec-
tron energy, ∆ECoulel ∼ |vC |
2/Eel. The Coulomb matrix
element |vC | is of order Eel, so the fractional shift is of
order 1. But it is the job of DFT to include all relevant
T = 0 Coulomb renormalization in the bands ǫK . Only
the thermal alteration of Coulomb renormalization is left
to include in ∆ǫQPK (V, T ), and this is usually unnecessary.
The lifetime broadening caused by Coulomb scattering is
smaller by (~/τC)/Eel ∼ (kBT/Eel)
2. A similar, and
negligible thermal Coulomb shift of the QP energy can
be expected.
Finally, consider electron-phonon interactions. For
both electron and phonon renormalization, the energy de-
nominator in second order perturbation theory is ∼ Eel.
The numerator is |Vep|
2 ∼ (dU/du)2 < u2 >∼ Eel~ωph.
Therefore the result is
∆Eepel ∼ ∆~ω
ep
ph ∼ ~ωph. (5)
For electronic band structure, this is a small effect. It
is omitted in band structure calculations, but appears
in experiment as zero-point and thermal shifts of band
gaps, which can be computed, giving a correction of or-
der ωph. However, in metals at low T (i.e. when thermal
excitation of electrons Ethel ∼ kBT is significantly smaller
than ~ωph), there is an important additional and non-
adiabatic effect caused by the singularity at the sharp
Fermi edge ǫK ≈ EF . This causes a “mass renormal-
ization” 1 + λ. This is actually a shift of bands of the
expected order (∼ ~ωph), but only for electron states
within ∼ ~ωph of EF . This causes a shift of order 1 in
the low-T electronic specific heat, which will also appear
in low-T thermal expansion of metals. It is the only com-
mon case where QH theory needs an order 1 correction
from QP renormalization.
For phonons, however, the electron-phonon renormal-
ization (∼ ωph) is a shift of order 1. It is the job of DFT
(more specifically, density-functional perturbation the-
ory, DFPT9) to include T = 0 electron-phonon renormal-
ization in the calculation of phonon bands. Additional
thermal renormalization also occurs, with both lifetime
broadening and phonon energy shifts. The lifetime
broadening of phonons in metals is ∼ (~ωph/Eel)kBT ,
similar in size to anharmonic lifetime broadening. There-
fore the residual thermal shift ∆ωQ(T ) of phonon QP
energy from electron-phonon interactions, omitted in
phonon band calculations, is similar in magnitude to an-
harmonic shifts.
III. QUASIHARMONIC STRUCTURE SHIFTS
The bare QP energies generate bare free energies,
Fbare = −kBT ln(Zbare el × Zbare ph)
= Fbare el + Fbare ph. (6)
Technically, the electron part is not F (V, T,N) but the
“grand potential” Ω(V, T, µ). For the phonon part, there
is no difference, and for the electron part, in this paper
the difference is irrelevant. The symbol F will be used
instead of Ω. The electron part is
F bareel (V, T ) = kBT
∑
K
ln(1− fK0(V, T ))
=
occ∑
K
(ǫK(V )− µ(V )) + kBT
∑
K
ln
1− fK0(V, T )
1 − fK0(V, 0)
→ Eel(V ) + kBT
∑
K
ln
1− fK0(V, T )
1− fK0(V, 0)
≡ Eel(V ) + ∆F
bare
el (V, T ). (7)
Here fK is the Fermi-Dirac distribution. The additional
subscript 0 indicates that the energy ǫK(V ) appearing
in fK0 is the bare QP energy, independent of T . The
phonon part is
F bareph (V, T ) =
∑
Q
~ωQ(V )
2
− kBT
∑
Q
ln(1 + nQ0(V, T )).
(8)
Here nQ is the Bose-Einstein distribution. The subscript
0 indicates that the energy ωQ(V ) appearing in nQ0 is
the bare QP energy, independent of T .
The first term in Eq. 8 is the zero-point phonon en-
ergy. In the second version of Eq. 7, the zero temperature
3part has been added and subtracted in order to make the
zero-point electronic contribution explicit. In the third
and fourth version of Eq. 7, the zero-point electronic con-
tribution has been replaced by a more accurate electronic
T = 0 frozen lattice energy, Eel(V ). This is computed,
for example, by DFT. It contains additional terms be-
yond the zero-point part of the first two versions of Eq.
7.
Now Taylor-expand in powers of the lattice displace-
ments around the frozen lattice structure V0. The ze-
roth order term, Fbare(V0, T ), contains the large T -
independent piece Eel(V0), plus the small thermal shift
∆F bareel (V0, T ) + ∆F
bare
ph (V0, T ). These are irrelevant to
thermal expansion. The expansion to second order is
Fbare(V, T ) = Fbare(V0, T ) +
B0V0
2
(
V − V0
V0
)2
+V0
[
∂∆F bareel
∂V
+
∂F bareph
∂V
]
V0
(
V − V0
V0
)
. (9)
By definition, the large term Eel(V ) is minimum at V =
V0, so does not contribute in first order in (V − V0). Its
second derivative is V0B0 where B0 is the leading-order
strain tensor (equal to a scalar, the bulk modulus, in
simple crystals). All other terms are smaller thermal or
zero-point corrections whose derivatives beyond first are
small compared with the B0 term.
The structure parameters are now found by minimizing
the free energy (i.e. setting (∂F/∂V )T = −P = 0). This
gives the QH result,
(
V − V0
V0
)
= −
1
B0
[
∂∆F bareel
∂V
+
∂F bareph
∂V
]
V0
(10)
Now introduce electron and phonon Gru¨neisen parame-
ters (actually vectors, remembering the vector nature of
the structure parameters {V }. Gru¨neisen himself2 recog-
nized that the Gru¨neisen parameters had vector nature.)
γK ≡ −
(
V
ǫK − µ
d(ǫK − µ)
dV
)
V0
(11)
γQ ≡ −
(
V
ωQ
dωQ
dV
)
V0
(12)
These are computed from the bare QP energies. Then
the two parts of the QH structure parameter expansions
are(
V − V0
V0
)QH
el
=
1
B0V0
∑
K
(ǫK−µ)γK(fK0(V, T )−fK0(V, 0))
(13)
(
V − V0
V0
)QH
ph
=
1
B0V0
∑
Q
~ωQγQ(nQ + 1/2). (14)
This is standard QH theory10. Equation 13 is the Mikura
theory3 and Eq. 14 is the Gru¨neisen theory1,2. The form
is possibly a bit unfamiliar, for two reasons. First, the
electronic part is usually omitted. It dominates in metals
at low T , but is otherwise much smaller than the vibra-
tional part, especially in non-metals. Second, usually the
T derivative α(T ) = (dV/dT )/V is given, but not the
full volume expansion which includes zero-point expan-
sion. The phonon part is sometimes given. Ziman11 has
it in Eqs. 3.7.4 and 3.7.8; Leibfried and Ludwig6 have
it in Eq. 11.5c; and Pavone et al.12 have it in Eq. 6b.
Wallace13 gives the low T form in Eq. 19.3. Stern14 gives
the thermal part V (T ) − V (0), omitting the zero-point
part V (0)− V0.
IV. ELECTRON AND PHONON
NON-PARALLELISM
Equations 13 and 14 show a close parallism of elec-
trons and phonons. It is worth pointing out some non-
parallel aspects. Most obvious is that electronic zero-
point energy dominates the other energies under consid-
eration. This zero-point term is subtracted from correc-
tion terms and treated differently. This is apparent in
Eqs 7 and 8, and appears in Eq. 13 as the subtraction
of the zero-T Fermi-Dirac distribution from the finite-T
one. Another failure of parallism is more subtle and cre-
ates difficulty. The “bare” electrons contain strong influ-
ence of Coulomb renormalization, but no renormalization
from electron-phonon interactions. Metallic specific heat
Cel(T ) = γ(T )T is linear in T at low T and high T . The
low T factor γ is enhanced by the electron-phonon mass
enhancement factor(1 + λ), and the high T value of γ is
not. The same thing happens in the electronic part of
thermal expansion. The low-T 1 + λ renormalization is
left out of QH theory, and should be added as a renor-
malization correction to the electronic QH formulas at
low T .
By contrast, harmonic phonon energies (that is, the
“bare” phonon QP energies) are strongly renormalized
by electron-phonon interactions. The renormalization
appears in the real part of the phonon self-energy.
Non-adiabatic parts of the electron-phonon self-energy
are usually unimportant, but the adiabatic part of the
phonon self-energy shift is crucial. As already mentioned
in section II, T = 0 electron-phonon renormalization is
included in the “bare” phonon energy as computed by
DFPT. The difficulty this creates is in perturbation the-
ory for the free energy. There is a standard formula for
the low-order perturbative shift of phonon free energy
caused by anharmonicity. This works well and can be
used to show that anharmonic renormalization does not
destroy the accuracy of QH theory, except sometimes at
high T in strongly anharmonic materials. One can also
derive a perturbative formula for the shift of free energy
by electron-phonon interactions. It cannot be assigned
specifically to electrons or to phonons because it is a joint
4property. But it does not work correctly because pertur-
bation theory was already applied unsymmetrically to
electrons and phonons. Separate formulas are needed for
the electron-phonon-induced renormalization corrections
to QH theory for electrons and for phonons. It is not
obvious how to do this. Therefore, the next section uses
an accurate and less perturbative approach to find the
needed correction formulas. The result will be that the
correction to the phonon part of QH theory is generally
small, whereas the correction to the electron part is not
small at low T , but is small at higher T .
V. QUASIPARTICLE THERMODYNAMICS
When quasiparticle (QP) energies ǫQPK (V, T ) and
ωQPQ (V, T ) are known, it is tempting to put them into
Eqs. 7 and 8 for the free energy. A better alternative is
to put them into single-particle formulas for entropy,
Sel = −kB
∑
K
[fK ln fK + (1 − fK) ln(1− fK)]. (15)
Sph = kB
∑
Q
[(nQ + 1) ln(nQ + 1)− nQ lnnQ], (16)
These two alternatives cannot both be right. If T -
dependent energies are used in Eqs. 7 and 8, then
−(∂F/∂T )V does not give Eqs. 15 and 16 for en-
tropy. Using the non-interacting free energy formulas
(Eqs. 7 and 8) with QP energies is wrong. However,
putting QP energies into Eqs. 15 and 16 has consider-
able justification15,16. The renormalization corrections of
lowest order are given correctly, and effects of higher or-
der in perturbation theory are partially captured. Then
the T -dependent part of the free energy can be obtained
from
F (V, T )− F (V, 0) = −
∫ T
0
dT ′S(V, T ′) (17)
If bare energies (independent of T ) are used in the distri-
butions fK and nQ in Eqs. 15 and 16, the dT
′ integrals
can be done explicitly, and give the formulas
−
∫ T
0
dT ′Sbareel (V, T
′) = kBT
∑
K
ln
1− fK0(V, T )
1− fK0(V, 0)
= kBT
∑
K
ln(1− fK0(V, T ))−
occ∑
K
(ǫK − µ), (18)
−
∫ T
0
dT ′Sbareph (V, T
′) = −kBT
∑
K
ln(1 + nQ0(V, T )).
(19)
These are exactly the bare QP free energies, Eqs. 7 and 8,
except that the zero-point contributions have been sub-
tracted off. In other words, they are exactly as expected
from Eq. 17. A method for doing the integration is ex-
plained in the appendix. But now we have a method for
computing QP renormalization corrections to F (V, T ).
Put the QP V - and T -dependent energies into S (Eqs.
15 and 16), and integrate as in Eq. 17 to get F .
VI. CORRECTIONS TO QH THEORY FROM
QP RENORMALIZATION
Now look back at Eqs. 1 and 2. The usual QH
result consists of putting the first two, temperature-
independent and unrenormalized, terms of the energies
into the free energy Eqs. 7 and 8. To get the renor-
malization corrections ∆Frenorm from ∆ǫ
QP
K (V, T ) and
∆ωQPQ (V, T ), use the entropy formulas 15 and 16 with
the full QP energies 1 and 2. Then Taylor expand to
first order in ∆ǫQPK (V, T ) and ∆ω
QP
Q (V, T ). The zeroth
order terms can be integrated over T ′ as in Eq. 17 to re-
produce the QH results. The first order terms can then
be numerically integrated over T ′ to give the corrections
∆Frenorm(V, T ). Then the volume derivative gives the
correction to (V − V0)/V0.
To be specific, here is the electronic contribution from
QP renormalization:
∂∆FQPel
∂V
=
∫ T
0
dT ′
∑
K
∂[(1− fK) ln(1− fK) + fK ln fK ]
∂(ǫK − µ)
×kB
∂∆(ǫK − µ)QP
∂V
. (20)
The shift ∆(ǫK−µ)QP is the renormalization ∆ǫ
QP
K (V, T )
in Eq. 1, minus the shift ∆µ of the chemical potential.
Now define a new Gru¨neisen parameter ∆γK for the shift,
∆γK = −
V
(ǫK − µ)
∂∆(ǫK − µ)QP
∂V
(21)
This is the analog of Eq. 11 for the ordinary electronic
Gru¨neisen parameter, except the normalization (ǫK − µ)
in the denominator is the full QH energy, not the QP
shift of energy used in the numerator. Then Eq. 20 can
be written
∂∆FQPel
∂V
= −
1
V
∫ T
0
dT ′
∑
K
CK(T
′)∆γK(T
′), (22)
where CK(T ) = (ǫK − µ)(−∂fK/∂T ) is the contribution
of electron state K to the band electron specific heat.
This can now be compared to the corresponding QH for-
mula,
∂∆F bareel
∂V
= −
1
V0
∑
K
(ǫK − µ)γK(fK0(V, T )− fK0(V, 0))
(23)
These formulas are very similar. If the Gru¨neisen param-
eters are ignored, then Eq. 23 is the thermal electron
5energy per volume, while Eq. 22 is the T -integrated elec-
tronic specific heat (the same thing, except for slightly
different volume normalizations). But the Gru¨neisen pa-
rameters are quite different. The ratio ∆γK/γK is the
ratio of volume derivative of the small shift ∆(ǫK−µ)QP
to volume derivative of the full QH energy (ǫK − µ)QH.
There is no reason why the volume sensitivity of the for-
mer should differ much from the volume sensitivity of the
latter. Therefore, the QP correction to the QH dF/dV
is small, and QH theory is justified for the electron part.
However, there is an exception to this observation which
will be mentioned at the end of this section.
Here is the phonon contribution from QP renormaliza-
tion:
∂∆FQPph
∂V
= −
∫ T
0
dT ′
∑
Q
∂[(nQ + 1) ln(nQ + 1) + nQ lnnQ]
∂(ωQ)
×kB
∂∆ωQPQ
∂V
. (24)
The shift ∆ωQPQ is the renormalization ∆ω
QP
Q (V, T ) in
Eq. 2. Now define the new Gru¨neisen parameter ∆γQ
for the shift,
∆γQ = −
V
ωQ
∂∆ωQPQ
∂V
(25)
This is the analog of Eq. 12 for the ordinary phonon
Gru¨neisen parameter, except the normalization ωQ in the
denominator is the full QH energy, not the QP shift of
energy used in the numerator. Then Eq. 24 can be writ-
ten
∂∆FQPph
∂V
= −
1
V
∫ T
0
dT ′
∑
Q
CQ(T
′)∆γQ(T
′), (26)
where CQ(T ) = ~ωQ(−∂nQ/∂T ) is the contribution of
phonon state Q to the harmonic specific heat. This can
now be compared to the corresponding QH formula,
∂F bareph
∂V
=
1
V0
∑
Q
~ωQγQ(nQ + 1/2) (27)
These two equations are parallel to Eqs. 22 and 23, ex-
cept that Eq. 27 has an extra zero-point energy con-
tribution (the 1/2). This does not alter the observation
that Eqs. 26 and 27 are very similar in magnitude except
that ∆γQ/γQ has the magnitude of ∆ω
QP
Q /ωQ, based on
similar sensitivity to volume change. This demonstrates
that QP corrections to the phonon QH volume derivative
of F are small.
The one exception, where QP corrections are not small
compared to the QH answer, comes from the low T
electron-phonon renormalization in metals. The low-T
limit of the electron QP renormalization ∆(ǫK −µ)QP is
λK(ǫK−µ) when the QH energy ǫK is close to the Fermi
level µ, so the corresponding “new” Gru¨neisen parame-
ter ∆γK = λKγK is not small compared with the nor-
mal electronic Gru¨neisen parameter γK . Here λK ∼ 1
is the “mass renormalization” of the electron state K,
with a value of order 1. The low−T metallic thermal ex-
pansion, although small, is significantly increased by QP
renormalization.
VII. CONCLUDING REMARKS
Quasiharmonic theory is the correct leading order the-
ory of thermal expansion, except in metals at low T . It is
not a theory of anharmonic effects. One might argue that
in the hypothetical purely harmonic crystal, the frequen-
cies ωQ are independent of V so that a non-zero γQ re-
quires anharmonicity. However, this is splitting hairs and
is not a useful meaning of the term “anharmonic.” The
computed frequencies ωQHQ (V0) are usually close to the
measured quasiparticle frequencies ωQPQ (V, T ), but differ
increasingly at high T . However, the volume derivative
needed for ∂F/∂V is dominated by the volume depen-
dence of the harmonic frequency ωQ(V ). The correc-
tion from the volume derivative of ωQPQ (V, T )−ωQ(V ) is
higher order.
It should be noted that higher order effects are defi-
nitely present and cause thermal expansion α to depend
on T , while the QH value of α saturates at a constant
when kBT is higher than ~ωph. In order to compute the
higher-order effects, one must not stop at first derivatives
of electron or phonon bare or renormalized QP energies,
or at the second order (B0/2V )(∆V/V )
2 expansion of
Eel. Ab initio quantum computation would be challeng-
ing. Molecular dynamics with free structural parameters
is a much easier route, provided the classical limit is suf-
ficient.
VIII. APPENDIX
The aim is to do integrals
Iel(T ) = −kB
∑
K
∫ T
0
dT ′[fK(T
′) ln fK(T
′)
+ (1 − fK(T
′)) ln(1− fK(T
′))]. (28)
Iph(T ) = −kB
∑
Q
∫ T
0
dT ′[nQ(T
′) lnnQ(T
′)
− (nQ(T
′) + 1) ln(nQ(T
′) + 1)]. (29)
The trick is to write for electrons
T =
ǫK − µ
kB
1
ln((1 − fK)/fK)
(30)
6and for phonons
T =
~ωQ
kB
1
ln((1 + nQ)/nQ)
. (31)
Then the integrals become
Iel(T ) = −kB
∑
K
∫ fK(T )
fK(0)
dfK [fK ln fK
+ (1− fK) ln(1− fK)]
dT
dfK
, (32)
Iph(T ) = −kB
∑
Q
∫ nQ(T )
nQ(0)
dnQ[nQ lnnQ
− (nQ + 1) ln(nQ + 1)]
dT
dnQ
. (33)
Because the bare energies ǫK and ωQ do not depend on
T , the derivatives dT/dfK and dT/dnQ are easy. The
resulting formulas can be integrated by parts, and yield
the answers shown in Eqs. 18 and 19.
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